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In many quantum magnets especially the rare-earth ones, the low-lying crystal field states are
not well separated from the excited ones and thus are insufficient to describe the low-temperature
magnetic properties. Inspired by this simple observation, we develop a microscopic theory to describe
the magnetic physics due to the collapses of the weak crystal field states. We find two cases where
the excited crystal field states should be seriously included into the theory. One case is when the
bandwidth of the excited crystal field states is comparable to the crystal field gap. The other case
is when the exchange energy gain between the low-lying and excited crystal field states overcomes
the crystal field gap. Both cases could drive a phase transition and result in magnetic orders by
involving the excited crystal field states. We dub the above physics as upper branch magnetism and
phase transition. We discuss the multitude of magnetic phases and the emergent selection rules for
the detection of the underlying excitations. We expect our results to help improve the understanding
of many rare-earth magnets with weak crystal field gaps such as Tb2Ti2O7 and Tb2Sn2O7, and also
provide a complementary perspective to the prevailing local “J” physics in 4d/5d magnets.
I. INTRODUCTION
Frustrated quantum magnetism has been a rather ac-
tive field of research, both theoretically and experimen-
tally1,2. The interest not only lies on the possibility of
searching for novel quantum phase of matter and the re-
lated phenomena1–5, but also arises from the vast fam-
ilies of quantum materials with frustrated magnetic in-
teractions1,3,6–8. This prosperous field requires both the
microscopic understanding of the quantum materials and
their quantum chemistry and the theoretical understand-
ing of abstract and fundamental concepts for quantum
matter, and more importantly, establishing the bridge
between fundamental theories and experimental phenom-
ena. The first step in the theoretical understanding of
these complex quantum magnets is to understand the
microscopic degrees of freedom. For (magnetic) Mott in-
sulators, the conventional recipe is based on the Hund’s
rules that clarify the microscopic local moment struc-
ture9. From the interaction of the local moments, one
can then establish a microscopic many-body model for
the system.
For the rare-earth based quantum magnets that are
currently under an active study3,6,7, the crystal field
effect is an important ingredient in the understanding
of the microscopics. The widely accepted standard ap-
proach is to understand the crystal field level and find
the local ground states9. The local ground states can
be usual Kramers doublets10–18, dipole-octupole dou-
blets19–25, and non-Kramers doublets26–33, and these lo-
cal ground states control the low-temperature magnetic
properties of many rare-earth magnets. This standard
approach has found a great success in the study of rare-
earth pyrochlore magnets such as Yb2Ti2O7
10,15,34,35
and Er2Ti2O7
35–39 rare-earth triangular magnets such
as YbMgGaO4
13,40–53, and rare-earth based double per-
ovskites54. The local moment structure of the iridate
family such as hyperkagome Na4Ir3O8
55–57, honeycomb
Na2IrO3
58–60, hyper-honeycomb β-Li2IrO3
61, harmonic-
honeycomb Li2IrO3
62 may also be interpreted under this
scheme. The success of this approach requires that the
crystal field gap between the ground state doublet and
the excited one is sufficiently large. This requirement,
however, may not be always satisfied in many systems.
In this paper, we provide a non-standard approach to
understand the magnetic physics for the systems when
the crystal field gap is not so large. For our purpose,
we include the excited crystal field levels and consider
the interactions between these levels from different lat-
tice sites. At the same time, we consider the hybridiza-
tion between the excited levels and the ground state level
from the neighboring sites. From these new ingredients
in the microscopic analysis, we illustrate this new theo-
retical framework by applying to a specific example on a
face centered cubic (FCC) lattice. Because the magnetic
physics emerges from the excited energy levels, we dub
this piece of physics as the upper branch magnetism.
The remaining part of the paper is organized as follows.
In Sec. II, we first introduce our microscopic model for
the specific case that we consider. In Sec. III, we use both
the Weiss mean-field method and the flavor wave theory
to establish the full phase diagram of this model and ex-
plain the magnetic excitations. In Sec. IV, we explain the
emergent selection rules for the detection of magnetic ex-
citations. This is associated with certain symmetry prop-
erties of the ground state wavefunctions of the relevant
magnetic phases. In Sec. V, we conclude with a discus-
sion about the general applicability of our understanding
to weak crystal field quantum magnets and present a list
of systems and materials that share some similarities in
terms of local energy level schemes, phase transitions and
universality.
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2II. MICROSCOPIC MODEL
The magnetic physics out of the weak crystal field lev-
els is quite general and applies to many different systems
with different lattice geometries. To illustrate the essen-
tial physics, we merely focus on one lattice. We study the
interacting local moments with weak crystal fields on the
FCC lattice. To further simplify the model and keep the
essential physics, we consider the local crystal field level
scheme in Fig. 1. The local ground state here is a sin-
glet, and the first excited state is a doublet. This crystal
field scheme could occur for the rare-earth ion with even
number of electrons63. For the rare-earth ion with odd
number of electrons, the ground state must at least be
a doublet (though the possibility of being a quartet may
still remain), and one then needs to consider the interac-
tion between these doublets. This would complicate the
problem and cover the essential physics that is uncovered
in this work.
If the crystal field gap, ∆, is much larger than other
energy scales that are specified below, the ground state
of the system would be a trivial product state of the lo-
cal singlets. There are other microscopic processes that
compete with the crystal field gap. As we show in Fig. 1,
one process is the superexchange interaction between the
upper doublets. The other process is the hybridization
between the ground state and the excited doublet. Fun-
damentally, both processes arise from the superexchange
interactions. To distinguish them, however, we quote
them differently.
To model the minimal microscopic physics, we ne-
glect the further excited states beyond the three states
in Fig. 1. The three states, one ground state singlet and
one excited doublet, can be thought as an effective spin-1
local moment. We identify the ground state singlet as the
Sz = 0 state, and identify the excited doublet as Sz = ±1
states. From this mapping, the crystal field splitting can
be regarded as a single-ion anisotropy, i.e.,
HCEF = ∆
∑
i
(Szi )
2. (1)
The superexchange interaction between the upper dou-
blet is given as
Hex =
∑
〈ij〉
Jzτ
z
i τ
z
j − J⊥(τ+i τ−j + h.c.) + · · · , (2)
where the pseudospin-1/2 operator τi operates on the
upper doublet, and “· · · ” refers to other interactions such
as τ+i τ
+
j and τ
−
i τ
−
j . It is straight-forward to establish the
following relation between the pseudospins and the spin-1
operators,
τzi ≡
1
2
PiS
z
i Pi, (3)
τ±i ≡
1
2
Pi(S
±
i )
2Pi, (4)
where Pi is a projection operator onto the upper doublet.
(a) (b)
(c)
Δ
τ+i τ−j
i j
i j
S+i S−j
|0i
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FIG. 1. (a) The crystal field level scheme for a magnetic
ion on a lattice. The lowest three states are viewed as an
effective spin-1 local moment. “∆” is the crystal field gap.
“· · · ” refers to the excited doublets that are neglected in our
theoretical analysis. (b) The τ+i τ
−
j process. (c) One possible
S+i S
−
j process.
We introduce the hybridization as a conventional su-
perexchange, i.e.,
Hhybrid = −
∑
〈ij〉
Jh(S
+
i S
−
j + S
−
i S
+
j ). (5)
Summarizing the above results, we have our full min-
imal model as H = HCEF +Hex +Hhybrid. This model
hosts an U(1) symmetry generated by spin rotation of
arbitrary angle about the z axis. This continuous sym-
metry is due to oversimplification of our model, and is ex-
pected to vanish for realistic materials with strong spin-
orbit coupling.
For the most common cases where the crystal field
has D3d point group symmetry, all effective spin compo-
nents Sµ (µ = x, y, z) are time-reversal odd and behave
as dipole moments, while the spin bilinear terms behave
as quadrupoles. Thus S and τ± can be served as dipo-
lar and quadrupolar order parameters, respectively. It
should be noticed that as the crystal field splitting term
(Sz)2 explicitly enters the Hamiltonian, the quadrupole
component Q3z2−r2 ≡ 3(Sz)2−2 must have non-zero ex-
pectation value inside each phase. It is preformed and
can not be served as an order parameter related to a
symmetry breaking.
III. PHASE DIAGRAM
A. Weiss mean-field theory
To establish the ground state phase diagram of the
full model, we adopt the Weiss mean-field method to
decouple interactions between different sites. Here we
set up a two-sublattice ansatz that is consistent with
the Q = (0, 0, 2pi) antiferromagnetic configuration on the
FCC lattice. This type of antiferromagnetic ordering is
3Magnetic phases Dipoles Quadrupoles Local variational wavefunction Variational energy per site
Quantum paramagnet 〈S〉 = 0 〈τ±〉 = 0 |0〉 0
FMxy 〈S±〉 6= 0 〈τ±〉 = 0 c eiθ|1〉+
√
1− 2c2 |0〉+ c e−iθ|1¯〉 −192c4Jh
FMz 〈Sz〉 6= 0 〈τ±〉 = 0 |1〉 or |1¯〉 3Jz2 + ∆
AFMz 〈Sz〉 6= 0 〈τ±〉 = 0 |eiQ·ri〉 with Q = (0, 0, 2pi) −Jz2 + ∆
FQxy 〈S〉 = 0 〈τ±〉 6= 0 1√2
(
eiθ/2|1〉+ e−iθ/2|1¯〉) −3J⊥ + ∆
TABLE I. Physical properties of different magnetic phases. Both the FMxy state and the FQxy state have an U(1) degeneracy
characterized by the angular variable θ. For the FMxy state, c
2 ≡ (48Jh −∆)/(192Jh). Note that when Jh/∆ = 1/48 we have
c = 0, |Ψ〉i = |0〉, and when Jh →∞ we have c = 1/2, |Ψ〉i becomes fully polarized in the xy plane.
FQxy
<latexit sha1_base64="SS3MkCwZGwFb WefojXqilGHF3A8=">AAAB+nicbZDLSsNAFIZP6q3WW6rgxk1oEV2VxI2upCCIyxbsB doQJtNJO3QmCTMTtcQ8ihsXirj1AXwGd76Nk7YLbf1h4OM/53DO/H7MqFS2/W0UVlbX 1jeKm6Wt7Z3dPbO835ZRIjBp4YhFousjSRgNSUtRxUg3FgRxn5GOP77K6507IiSNwl s1iYnL0TCkAcVIacszy33B0+tm5qU5PEyyzDOrds2eyloGZw7V+knl8BMAGp751R9EO OEkVJghKXuOHSs3RUJRzEhW6ieSxAiP0ZD0NIaIE+mm09Mz61g7AyuIhH6hsqbu74kU cSkn3NedHKmRXKzl5n+1XqKCCzelYZwoEuLZoiBhloqsPAdrQAXBik00ICyovtXCIyQ QVjqtkg7BWfzyMrTPao5dc5pOtX4JMxXhCCpwCg6cQx1uoAEtwHAPT/ACr8aj8Wy8Ge +z1oIxnzmAPzI+fgAL3pXy</latexit><latexit sha1_base64="/GdTQAv4MLPt JdIa9CyQGdcKBF8=">AAAB+nicbZDLSsNAFIYn9VbrLVV04ya0iK5K4kZXUhDEZQv2A m0Ik+mkHTozCTMTNcQ8ihsXFnHrM/gA7nwbJ20X2vrDwMd/zuGc+f2IEqls+9sorKyu rW8UN0tb2zu7e2Z5vy3DWCDcQiENRdeHElPCcUsRRXE3Ehgyn+KOP77O6517LCQJ+Z 1KIuwyOOQkIAgqbXlmuS9YetPMvDSHxyTLPLNq1+yprGVw5lCtn1aOPg8rk4ZnfvUHI YoZ5gpRKGXPsSPlplAogijOSv1Y4giiMRzinkYOGZZuOj09s060M7CCUOjHlTV1f0+k kEmZMF93MqhGcrGWm//VerEKLt2U8ChWmKPZoiCmlgqtPAdrQARGiiYaIBJE32qhERQ QKZ1WSYfgLH55GdrnNceuOU2nWr8CMxXBMaiAM+CAC1AHt6ABWgCBB/AMXsHEeDJejD fjfdZaMOYzB+CPjI8fO/+W1g==</latexit><latexit sha1_base64="/GdTQAv4MLPt JdIa9CyQGdcKBF8=">AAAB+nicbZDLSsNAFIYn9VbrLVV04ya0iK5K4kZXUhDEZQv2A m0Ik+mkHTozCTMTNcQ8ihsXFnHrM/gA7nwbJ20X2vrDwMd/zuGc+f2IEqls+9sorKyu rW8UN0tb2zu7e2Z5vy3DWCDcQiENRdeHElPCcUsRRXE3Ehgyn+KOP77O6517LCQJ+Z 1KIuwyOOQkIAgqbXlmuS9YetPMvDSHxyTLPLNq1+yprGVw5lCtn1aOPg8rk4ZnfvUHI YoZ5gpRKGXPsSPlplAogijOSv1Y4giiMRzinkYOGZZuOj09s060M7CCUOjHlTV1f0+k kEmZMF93MqhGcrGWm//VerEKLt2U8ChWmKPZoiCmlgqtPAdrQARGiiYaIBJE32qhERQ QKZ1WSYfgLH55GdrnNceuOU2nWr8CMxXBMaiAM+CAC1AHt6ABWgCBB/AMXsHEeDJejD fjfdZaMOYzB+CPjI8fO/+W1g==</latexit><latexit sha1_base64="1b1hXW455SCN 9v/k1jXC5KsHnus=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJG11JQRCXLdgLt CFMppN26MwkzEzUEPMoblwo4tYncefbOGmz0NYfBj7+cw7nzB/EjCrtON9WZW19Y3Or ul3b2d3bP7Drhz0VJRKTLo5YJAcBUoRRQbqaakYGsSSIB4z0g9l1Ue/fE6loJO50Gh OPo4mgIcVIG8u36yPJs5tO7mcFPKZ57tsNp+nMBVfBLaEBSrV9+2s0jnDCidCYIaWGr hNrL0NSU8xIXhslisQIz9CEDA0KxInysvnpOTw1zhiGkTRPaDh3f09kiCuV8sB0cqSn arlWmP/VhokOL72MijjRRODFojBhUEewyAGOqSRYs9QAwpKaWyGeIomwNmnVTAju8pd XoXfedJ2m23Ebrasyjio4BifgDLjgArTALWiDLsDgATyDV/BmPVkv1rv1sWitWOXMEf gj6/MHMkmUkw==</latexit>
FMz
<latexit sha1_bas e64="mVV8qnFTtWGfSLDtERHaxLHUpEk=" >AAAB+XicbZDLSsNAFIZP6q3WW6xLN4NF cFUSN7qSgiBuhAr2Am0Jk+mkHTqZhJlJo YaAD+ALCG5cKOLWN3Hn2zhpu9DWHwY+/nM O58zvx5wp7TjfVmFldW19o7hZ2tre2d2z 98tNFSWS0AaJeCTbPlaUM0EbmmlO27GkOP Q5bfmjy7zeGlOpWCTu9CSmvRAPBAsYwdp Ynm13ZZhe3WRemsN9lnl2xak6U6FlcOdQ qZWfHh8AoO7ZX91+RJKQCk04VqrjOrHupV hqRjjNSt1E0RiTER7QjkGBQ6p66fTyDB0 bp4+CSJonNJq6vydSHCo1CX3TGWI9VIu13 Pyv1kl0cN5LmYgTTQWZLQoSjnSE8hhQn0 lKNJ8YwEQycysiQywx0SaskgnBXfzyMjR Pq65TdW/dSu0CZirCIRzBCbhwBjW4hjo0g MAYnuEV3qzUerHerY9Za8GazxzAH1mfP/ K/lgU=</latexit><latexit sha1_bas e64="0BPvAsk3IutjVIborKO+B8P0QU8=" >AAAB+XicbZDLSgMxFIYzXmvrZaxLN8Eq dFVm3OhKCoK4ESrYC7TDkEkzbWiSGZJMo Q7jE/gCghsXirj1Tdz5NmbaLrT1h8DHf87 hnPxBzKjSjvNtrayurW9sFraKpe2d3T17 v9xSUSIxaeKIRbITIEUYFaSpqWakE0uCeM BIOxhd5vX2mEhFI3GnJzHxOBoIGlKMtLF 82+5Jnl7dZH6aw32W+XbFqTlTwWVw51Cp l58eH6rHpYZvf/X6EU44ERozpFTXdWLtpU hqihnJir1EkRjhERqQrkGBOFFeOr08gyf G6cMwkuYJDafu74kUcaUmPDCdHOmhWqzl5 n+1bqLDcy+lIk40EXi2KEwY1BHMY4B9Kg nWbGIAYUnNrRAPkURYm7CKJgR38cvL0Dq tuU7NvXUr9QswUwEcgiNQBS44A3VwDRqgC TAYg2fwCt6s1Hqx3q2PWeuKNZ85AH9kff 4AZHWWWg==</latexit><latexit sha1_bas e64="0BPvAsk3IutjVIborKO+B8P0QU8=" >AAAB+XicbZDLSgMxFIYzXmvrZaxLN8Eq dFVm3OhKCoK4ESrYC7TDkEkzbWiSGZJMo Q7jE/gCghsXirj1Tdz5NmbaLrT1h8DHf87 hnPxBzKjSjvNtrayurW9sFraKpe2d3T17 v9xSUSIxaeKIRbITIEUYFaSpqWakE0uCeM BIOxhd5vX2mEhFI3GnJzHxOBoIGlKMtLF 82+5Jnl7dZH6aw32W+XbFqTlTwWVw51Cp l58eH6rHpYZvf/X6EU44ERozpFTXdWLtpU hqihnJir1EkRjhERqQrkGBOFFeOr08gyf G6cMwkuYJDafu74kUcaUmPDCdHOmhWqzl5 n+1bqLDcy+lIk40EXi2KEwY1BHMY4B9Kg nWbGIAYUnNrRAPkURYm7CKJgR38cvL0Dq tuU7NvXUr9QswUwEcgiNQBS44A3VwDRqgC TAYg2fwCt6s1Hqx3q2PWeuKNZ85AH9kff 4AZHWWWg==</latexit><latexit sha1_bas e64="inAxo6AgLSmGVupriCplK/SL8KA=" >AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei uCqJG11JQRA3QgV7gTaEyXTSDp1MwsykU EPexI0LRdz6Ju58GydtFtr6w8DHf87hnPm DhDOlHefbqqytb2xuVbdrO7t7+wf24VFH xakktE1iHstegBXlTNC2ZprTXiIpjgJOu8 Hkpqh3p1QqFotHPUuoF+GRYCEjWBvLt+2 BjLLb+9zPCnjKc9+uOw1nLrQKbgl1KNXy 7a/BMCZpRIUmHCvVd51EexmWmhFO89ogVT TBZIJHtG9Q4IgqL5tfnqMz4wxRGEvzhEZ z9/dEhiOlZlFgOiOsx2q5Vpj/1fqpDq+8j Ikk1VSQxaIw5UjHqIgBDZmkRPOZAUwkM7 ciMsYSE23CqpkQ3OUvr0LnouE6DffBrTe vyziqcAKncA4uXEIT7qAFbSAwhWd4hTcrs 16sd+tj0Vqxyplj+CPr8wdLxZQO</late xit>
(b)
<latexit sha1_base64= "rkoQZknSpOKAfgbhR4AYTwjelsA=">AAAB73icb ZDLSgMxFIbPeK31VnUpSLAIdVNm3OhKCm5cVrAXa IeSSTNtaC5jkhHK0JdwI0WRbn0dd76N6WWhrT8EP v7/HHLOiRLOjPX9b29tfWNzazu3k9/d2z84LBwd1 41KNaE1orjSzQgbypmkNcssp81EUywiThvR4G6aN5 6pNkzJRztMaChwT7KYEWyd1WxrkZWiy1GnUPTL/k xoFYIFFCtn4/EEAKqdwle7q0gqqLSEY2NagZ/YMM PaMsLpKN9ODU0wGeAebTmUWFATZrN5R+jCOV0UK+ 2etGjm/u7IsDBmKCJXKbDtm+Vsav6XtVIb34QZk0l qqSTzj+KUI6vQdHnUZZoSy4cOMNHMzYpIH2tMrDt R3h0hWF55FepX5cAvBw9BsXILc+XgFM6hBAFcQwX uoQo1IMDhBd7g3XvyXr0PbzIvXfMWPSfwR97nD5P ykdk=</latexit><latexit sha1_base64= "4dofvhlq2cvTrngN9BefFC51gAo=">AAAB73icb ZDLSgMxFIbP1Futt6pLQYJFqJsy40ZXUnDjsoK9Q DuUTJppQ5PMmGSEMvQl3IgXxK2v4863MTPtQlt/C Hz8/znknBPEnGnjut9OYWV1bX2juFna2t7Z3SvvH 7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsbXWd 5+oEqzSN6ZSUx9gYeShYxgY61OT4m0GpxN++WKW3 NzoWXw5lCpHz9nemn0y1+9QUQSQaUhHGvd9dzY+C lWhhFOp6VeommMyRgPadeixIJqP83nnaJT6wxQGC n7pEG5+7sjxULriQhspcBmpBezzPwv6yYmvPRTJuP EUElmH4UJRyZC2fJowBQlhk8sYKKYnRWREVaYGHu ikj2Ct7jyMrTOa55b8269Sv0KZirCEZxAFTy4gDr cQAOaQIDDI7zCm3PvPDnvzsestODMew7hj5zPH/E vk54=</latexit><latexit sha1_base64= "4dofvhlq2cvTrngN9BefFC51gAo=">AAAB73icb ZDLSgMxFIbP1Futt6pLQYJFqJsy40ZXUnDjsoK9Q DuUTJppQ5PMmGSEMvQl3IgXxK2v4863MTPtQlt/C Hz8/znknBPEnGnjut9OYWV1bX2juFna2t7Z3SvvH 7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsbXWd 5+oEqzSN6ZSUx9gYeShYxgY61OT4m0GpxN++WKW3 NzoWXw5lCpHz9nemn0y1+9QUQSQaUhHGvd9dzY+C lWhhFOp6VeommMyRgPadeixIJqP83nnaJT6wxQGC n7pEG5+7sjxULriQhspcBmpBezzPwv6yYmvPRTJuP EUElmH4UJRyZC2fJowBQlhk8sYKKYnRWREVaYGHu ikj2Ct7jyMrTOa55b8269Sv0KZirCEZxAFTy4gDr cQAOaQIDDI7zCm3PvPDnvzsestODMew7hj5zPH/E vk54=</latexit><latexit sha1_base64= "t+OkbO+yNhNoJAx5h6axZrmlMQE=">AAAB73icb VA9SwNBEJ3zM8avqKXNYhBiE+5stJKAjWUE8wHJE fY2m2TJ7t65OyeEI3/CxkIRW/+Onf/GTXKFJj4Ye Lw3w8y8KJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4a ePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWNb2d+64 kbK2L9gJOEh4oOtRgIRtFJ7a5RWSW6mPZKZb/qz0 FWSZCTMuSo90pf3X7MUsU1Mkmt7QR+gmFGDQom+b TYTS1PKBvTIe84qqniNszm907JuVP6ZBAbVxrJXP 09kVFl7URFrlNRHNllbyb+53VSHFyHmdBJilyzxaJ BKgnGZPY86QvDGcqJI5QZ4W4lbEQNZegiKroQguW XV0nzshr41eA+KNdu8jgKcApnUIEArqAGd1CHBjC Q8Ayv8OY9ei/eu/exaF3z8pkT+APv8wegII+p</l atexit>
Jzz/ 
<latexit sha1_base64="pifE/KIfAbd7UXRQQj2VIH/t6k I=">AAAB+3icbVDLSsNAFL3xWesr1qUgg0VwVRM3upKCLsRVBfuAJoTJdNIOnTyYmYhtyId0I4ILRdz6I+78G6ePhbYeuHA 4517uvcdPOJPKsr6NpeWV1bX1wkZxc2t7Z9fcKzVknApC6yTmsWj5WFLOIlpXTHHaSgTFoc9p0+9fjf3mAxWSxdG9GiTUDX E3YgEjWGnJM0uOCLNbLxsO81PnmnKFc88sWxVrArRI7BkpVw9Ho2cAqHnml9OJSRrSSBGOpWzbVqLcDAvFCKd50UklTTDp4 y5taxrhkEo3m9yeo2OtdFAQC12RQhP190SGQykHoa87Q6x6ct4bi/957VQFF27GoiRVNCLTRUHKkYrROAjUYYISxQeaYCKY vhWRHhaYKB1XUYdgz7+8SBpnFduq2Hd2uXoJUxTgAI7gBGw4hyrcQA3qQOARnuAV3ozceDHejY9p65Ixm9mHPzA+fwBFR5b F</latexit><latexit sha1_base64="DAMkmpNFemSf0A9PfCAoT7qniO s=">AAAB+3icbVDLSsNAFJ3UV62vWJeCDBbBVU3c6EoKuhBXFewD2hAm00k7dGYSZiZiG/IhunDjQhG3/og7/8ZJ24W2Hrh wOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j75abKkokJg0csUi2A6QIo4I0NNWMtGNJEA8YaQXDy9xv3ROpaCTu9CgmHk d9QUOKkTaSb5e7kqc3fjoeZyfdK8I0yny74lSdCeAicWekUjt4zPFU9+2vbi/CCSdCY4aU6rhOrL0USU0xI1mpmygSIzxEf dIxVCBOlJdObs/gkVF6MIykKaHhRP09kSKu1IgHppMjPVDzXi7+53USHZ57KRVxoonA00VhwqCOYB4E7FFJsGYjQxCW1NwK 8QBJhLWJq2RCcOdfXiTN06rrVN1bt1K7AFMUwT44BMfABWegBq5BHTQABg/gGbyCNyuzXqx362PaWrBmM3vgD6zPH6KEmIo =</latexit><latexit sha1_base64="DAMkmpNFemSf0A9PfCAoT7qniO s=">AAAB+3icbVDLSsNAFJ3UV62vWJeCDBbBVU3c6EoKuhBXFewD2hAm00k7dGYSZiZiG/IhunDjQhG3/og7/8ZJ24W2Hrh wOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j75abKkokJg0csUi2A6QIo4I0NNWMtGNJEA8YaQXDy9xv3ROpaCTu9CgmHk d9QUOKkTaSb5e7kqc3fjoeZyfdK8I0yny74lSdCeAicWekUjt4zPFU9+2vbi/CCSdCY4aU6rhOrL0USU0xI1mpmygSIzxEf dIxVCBOlJdObs/gkVF6MIykKaHhRP09kSKu1IgHppMjPVDzXi7+53USHZ57KRVxoonA00VhwqCOYB4E7FFJsGYjQxCW1NwK 8QBJhLWJq2RCcOdfXiTN06rrVN1bt1K7AFMUwT44BMfABWegBq5BHTQABg/gGbyCNyuzXqx362PaWrBmM3vgD6zPH6KEmIo =</latexit><latexit sha1_base64="kGgH+lRKZke1JhZbanCkY9rsQ7 w=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBMvepKCHsRTBfsBTQib7bZdupuE3YnYhvwVLx4U8eof8ea/cdvmoK0PBh7 vzTAzL0wE1+A439bK6tr6xmZpq7y9s7u3bx9UWjpOFWVNGotYdUKimeARawIHwTqJYkSGgrXD0fXUbz8ypXkcPcA4Yb4kg4 j3OSVgpMCueEpmd0E2meRn3g0TQPLArjo1Zwa8TNyCVFGBRmB/eb2YppJFQAXRuus6CfgZUcCpYHnZSzVLCB2RAesaGhHJt J/Nbs/xiVF6uB8rUxHgmfp7IiNS67EMTackMNSL3lT8z+um0L/0Mx4lKbCIzhf1U4EhxtMgcI8rRkGMDSFUcXMrpkOiCAUT V9mE4C6+vExa5zXXqbn3brV+VcRRQkfoGJ0iF12gOrpFDdREFD2hZ/SK3qzcerHerY9564pVzByiP7A+fwBRdZSV</latex it>
J
?
/ 
<latexit sha1_base64="SwrCy71MdgYCDOudlDuMFGdXz+c=">AAAB/nicbVDJSgNBEK2JW4zbqHgSZDAInuKMFz1JQA/iKYJZIDMMPZ2apEnPQnePEIaAv5GbXjwo4tXv8Obf2FkOGn1Q8Hiviqp6QcqZVLb9ZRQWFpeWV4qrpbX1jc0tc3unIZNMUKzThCeiFRCJnMVYV0xxbKUCSRRwbAb9y7HfvEchWRLfqUGKXkS6MQsZJUpLvrnniii/8XM3RZEOT9wr5IoMfbNsV+wJrL/EmZFy9WA0egSAmm9+up2EZhHGinIiZduxU+XlRChGOQ5LbiYxJbRPutjWNCYRSi+fnD+0jrTSscJE6IqVNVF/TuQkknIQBbozIqon572x+J/XzlR47uUsTjOFMZ0uCjNuqcQaZ2F1mECq+EATQgXTt1q0RwShSidW0iE48y//JY3TimNXnFunXL2AKYqwD4dwDA6cQRWuoQZ1oJDDE7zAq/FgPBtvxvu0tWDMZnbhF4yPb339mAI=</latexit><latexit sha1_base64="xWldo4Ro0IyX6hv2bA/g7Y8JBnw=">AAAB/nicbVBNS8NAEN3Ur1q/ouJJkGARPNXEi56koAfxVMF+QBPCZjtpl+4mYXcjlBDwb+jNiwdFvPo7vPlv3LQ9aOuDgcd7M8zMCxJGpbLtb6O0sLi0vFJeraytb2xumds7LRmngkCTxCwWnQBLYDSCpqKKQScRgHnAoB0MLwu/fQ9C0ji6U6MEPI77EQ0pwUpLvrnnCp7d+JmbgEjyE/cKmMK5b1btmj2GNU+cKanWDx4LPDV888vtxSTlECnCsJRdx06Ul2GhKGGQV9xUQoLJEPehq2mEOUgvG5+fW0da6VlhLHRFyhqrvycyzKUc8UB3cqwGctYrxP+8bqrCcy+jUZIqiMhkUZgyS8VWkYXVowKIYiNNMBFU32qRARaYKJ1YRYfgzL48T1qnNceuObdOtX6BJiijfXSIjpGDzlAdXaMGaiKCMvSMXtGb8WC8GO/Gx6S1ZExndtEfGJ8/2zqZxw==</latexit><latexit sha1_base64="xWldo4Ro0IyX6hv2bA/g7Y8JBnw=">AAAB/nicbVBNS8NAEN3Ur1q/ouJJkGARPNXEi56koAfxVMF+QBPCZjtpl+4mYXcjlBDwb+jNiwdFvPo7vPlv3LQ9aOuDgcd7M8zMCxJGpbLtb6O0sLi0vFJeraytb2xumds7LRmngkCTxCwWnQBLYDSCpqKKQScRgHnAoB0MLwu/fQ9C0ji6U6MEPI77EQ0pwUpLvrnnCp7d+JmbgEjyE/cKmMK5b1btmj2GNU+cKanWDx4LPDV888vtxSTlECnCsJRdx06Ul2GhKGGQV9xUQoLJEPehq2mEOUgvG5+fW0da6VlhLHRFyhqrvycyzKUc8UB3cqwGctYrxP+8bqrCcy+jUZIqiMhkUZgyS8VWkYXVowKIYiNNMBFU32qRARaYKJ1YRYfgzL48T1qnNceuObdOtX6BJiijfXSIjpGDzlAdXaMGaiKCMvSMXtGb8WC8GO/Gx6S1ZExndtEfGJ8/2zqZxw==</latexit><latexit sha1_base64="sXIp6/7f2byXSvKpArcFG0VPcjE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPNXEi56koAfxVMHaQhPCZjtpl+4mYXcjlBDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlhypnSjvNtVZaWV1bXquu1jc2t7R17d+9BJZmk0KYJT2Q3JAo4i6GtmebQTSUQEXLohKOrid95BKlYEt/rcQq+IIOYRYwSbaTAPvCkyG+D3EtBpsWpdw1ckyKw607DmQIvErckdVSiFdhfXj+hmYBYU06U6rlOqv2cSM0oh6LmZQpSQkdkAD1DYyJA+fn0/AIfG6WPo0SaijWeqr8nciKUGovQdAqih2rem4j/eb1MRxd+zuI00xDT2aIo41gneJIF7jMJVPOxIYRKZm7FdEgkodokVjMhuPMvL5KHs4brNNw7t968LOOookN0hE6Qi85RE92gFmojinL0jF7Rm/VkvVjv1sestWKVM/voD6zPH4orldI=</latexit>
Quantum
<latexit sha1_base64="j6O6OAurw9eqOH +PiqAtPRD8tVw=">AAAB83icbVC7SgNBFL3rM8ZX1EpsBoNgFXZttFywsUzAPCC7xNnJbDJk ZnaZhxCW1P6BjYUitv6MnX/j5FFo4oELh3Pu5d57kpwzbXz/21tb39jc2i7tlHf39g8OK0fH LZ1ZRWiTZDxTnQRrypmkTcMMp51cUSwSTtvJ6Hbqtx+p0iyT92ac01jggWQpI9g4KYqUKBoW S2PFpFep+jV/BrRKggWphqdPvQcAqPcqX1E/I1ZQaQjHWncDPzdxgZVhhNNJObKa5piM8IB2 HZVYUB0Xs5sn6MIpfZRmypU0aKb+niiw0HosEtcpsBnqZW8q/ud1rUlv4oLJ3BoqyXxRajk yGZoGgPpMUWL42BFMFHO3IjLEChPjYiq7EILll1dJ66oW+LWgEVTDEOYowRmcwyUEcA0h3EE dmkAgh2d4hTfPei/eu/cxb13zFjMn8Afe5w/S4JOq</latexit><latexit sha1_base64="lPLjvtcUPuxE5p +QgIPqrQ+2B+k=">AAAB83icbVDJSgNBEK1xjXGLehIPDgbBU5jxoscBLx4TMAskQ+jp9CRN ehl6EcKQs3/gxYMiXv2Z3PwOf8DOctDEBwWP96qoqpdkjGoTBF/e2vrG5tZ2Yae4u7d/cFg6 Om5oaRUmdSyZVK0EacKoIHVDDSOtTBHEE0aayfBu6jcfidJUigczykjMUV/QlGJknNTpKJ7X LBLG8nG3VA4qwQz+KgkXpBydPnXl5Py72i1NOj2JLSfCYIa0bodBZuIcKUMxI+Nix2qSITxE fdJ2VCBOdJzPbh77l07p+alUroTxZ+rviRxxrUc8cZ0cmYFe9qbif17bmvQ2zqnIrCECzxe llvlG+tMA/B5VBBs2cgRhRd2tPh4ghbBxMRVdCOHyy6ukcV0Jg0pYC8tRBHMU4Awu4ApCuIE I7qEKdcCQwTO8wptnvRfv3fuYt655i5kT+APv8wdtrJWd</latexit><latexit sha1_base64="lPLjvtcUPuxE5p +QgIPqrQ+2B+k=">AAAB83icbVDJSgNBEK1xjXGLehIPDgbBU5jxoscBLx4TMAskQ+jp9CRN ehl6EcKQs3/gxYMiXv2Z3PwOf8DOctDEBwWP96qoqpdkjGoTBF/e2vrG5tZ2Yae4u7d/cFg6 Om5oaRUmdSyZVK0EacKoIHVDDSOtTBHEE0aayfBu6jcfidJUigczykjMUV/QlGJknNTpKJ7X LBLG8nG3VA4qwQz+KgkXpBydPnXl5Py72i1NOj2JLSfCYIa0bodBZuIcKUMxI+Nix2qSITxE fdJ2VCBOdJzPbh77l07p+alUroTxZ+rviRxxrUc8cZ0cmYFe9qbif17bmvQ2zqnIrCECzxe llvlG+tMA/B5VBBs2cgRhRd2tPh4ghbBxMRVdCOHyy6ukcV0Jg0pYC8tRBHMU4Awu4ApCuIE I7qEKdcCQwTO8wptnvRfv3fuYt655i5kT+APv8wdtrJWd</latexit><latexit sha1_base64="KWa1XxjG8MP203 A/WWiJSxStVn8=">AAAB83icbVA9SwNBEJ2LXzF+RS1tDoNgFe5stAzYWCZgPiB3hL3NJlmy u3fszgrhyN+wsVDE1j9j579xk1yhiQ8GHu/NMDMvyQQ3GATfXmlre2d3r7xfOTg8Oj6pnp51 TGo1ZW2ailT3EmKY4Iq1kaNgvUwzIhPBusn0fuF3n5g2PFWPOMtYLMlY8RGnBJ0URVrmLUsU WjkfVGtBPVjC3yRhQWpQoDmofkXDlFrJFFJBjOmHQYZxTjRyKti8ElnDMkKnZMz6jioimYnz 5c1z/8opQ3+UalcK/aX6eyIn0piZTFynJDgx695C/M/rWxzdxTlXmUWm6GrRyAofU38RgD/ kmlEUM0cI1dzd6tMJ0YSii6niQgjXX94knZt6GNTDVlhrNIo4ynABl3ANIdxCAx6gCW2gkME zvMKbZ70X7937WLWWvGLmHP7A+/wBomKSCw==</latexit>
Paramagnet
<latexit sha1_base64="pYaodXeFvfrrAO +NPDqju1x+0RM=">AAAB+HicbVA9SwNBEJ2LXzF+5NRKbBaDYBXubLQ8sLGMYD4gCefeZi9Z srt37O4J8Ujtj7CxUMTWn2Lnv3EvSaGJDwYe780wMy9KOdPG876d0tr6xuZWebuys7u3X3UP Dls6yRShTZLwRHUirClnkjYNM5x2UkWxiDhtR+Prwm8/UKVZIu/MJKV9gYeSxYxgY6XQrfaU yBtY4UKnZhq6Na/uzYBWib8gteD4KbwHgEbofvUGCckElYZwrHXX91LTz7EyjHA6rfQyTVNM xnhIu5ZKLKju57PDp+jMKgMUJ8qWNGim/p7IsdB6IiLbKbAZ6WWvEP/zupmJr/o5k2lmqCT zRXHGkUlQkQIaMEWJ4RNLMFHM3orIyKZAjM2qYkPwl19eJa2Luu/V/Vu/FgQwRxlO4BTOwYd LCOAGGtAEAhk8wyu8OY/Oi/PufMxbS85i5gj+wPn8AWy+lQ4=</latexit><latexit sha1_base64="B4s4UBoDc2xqUB 48/GIWFCqa2eE=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4KokbnQZcOOygn1AG8JkOmmH ziPMTIQauvYj3LhQxK2f0p3f4Q84abvQ1gMXDufcy733xCmj2njel1NaW9/Y3CpvV3Z29/ar 7sFhS8tMYdLEkknViZEmjArSNNQw0kkVQTxmpB2Pbgq//UCUplLcm3FKQo4GgiYUI2OlyK32 FM8bSKFCJ2YSuTWv7s0AV4m/ILXg+CmS09PvRuROe32JM06EwQxp3fW91IQ5UoZiRiaVXqZJ ivAIDUjXUoE40WE+O3wCz63Sh4lUtoSBM/X3RI641mMe206OzFAve4X4n9fNTHId5lSkmSE CzxclGYNGwiIF2KeKYMPGliCsqL0V4qFNARubVcWG4C+/vEpal3Xfq/t3fi0IwBxlcALOwAX wwRUIwC1ogCbAIAPP4BW8OY/Oi/PufMxbS85i5gj8gfP5AweKlwE=</latexit><latexit sha1_base64="B4s4UBoDc2xqUB 48/GIWFCqa2eE=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4KokbnQZcOOygn1AG8JkOmmH ziPMTIQauvYj3LhQxK2f0p3f4Q84abvQ1gMXDufcy733xCmj2njel1NaW9/Y3CpvV3Z29/ar 7sFhS8tMYdLEkknViZEmjArSNNQw0kkVQTxmpB2Pbgq//UCUplLcm3FKQo4GgiYUI2OlyK32 FM8bSKFCJ2YSuTWv7s0AV4m/ILXg+CmS09PvRuROe32JM06EwQxp3fW91IQ5UoZiRiaVXqZJ ivAIDUjXUoE40WE+O3wCz63Sh4lUtoSBM/X3RI641mMe206OzFAve4X4n9fNTHId5lSkmSE CzxclGYNGwiIF2KeKYMPGliCsqL0V4qFNARubVcWG4C+/vEpal3Xfq/t3fi0IwBxlcALOwAX wwRUIwC1ogCbAIAPP4BW8OY/Oi/PufMxbS85i5gj8gfP5AweKlwE=</latexit><latexit sha1_base64="ht6Lev1ijq2pfm 3kEBFi95UWBew=">AAAB+HicbVBNS8NAEN34WetHox69BIvgqSRe9Fjw4rGC/YA2lM120i7d 3YTdiVBDf4kXD4p49ad489+4aXPQ1gcDj/dmmJkXpYIb9P1vZ2Nza3tnt7JX3T84PKq5xycd k2SaQZslItG9iBoQXEEbOQropRqojAR0o+lt4XcfQRueqAecpRBKOlY85oyilYZubaBl3qKa FjrgfOjW/Ya/gLdOgpLUSYnW0P0ajBKWSVDIBDWmH/gphjnVyJmAeXWQGUgpm9Ix9C1VVIIJ 88Xhc+/CKiMvTrQthd5C/T2RU2nMTEa2U1KcmFWvEP/z+hnGN2HOVZohKLZcFGfCw8QrUvB GXANDMbOEMs3trR6b2BQY2qyqNoRg9eV10rlqBH4juA/qzWYZR4WckXNySQJyTZrkjrRImzC SkWfySt6cJ+fFeXc+lq0bTjlzSv7A+fwBPECTbw==</latexit>
AFMz
<latexit sha1_base64="k6fstg/Io4As t2XcSEDndLNTVvQ=">AAAB+nicbZDLSsNAFIZPvNZ6S+vSTbAIrkriRldSEcSNUMFeo A1hMp20Q2eSMDNRagz4AL6ACzcuFHHrk7jzbZy0XWjrDwMf/zmHc+b3Y0alsu1vY2Fx aXlltbBWXN/Y3No2S+WmjBKBSQNHLBJtH0nCaEgaiipG2rEgiPuMtPzhWV5v3RAhaR Req1FMXI76IQ0oRkpbnlnqCp6enl9mXprTXZZ5ZsWu2mNZ8+BMoVIrPz0+AEDdM7+6v QgnnIQKMyRlx7Fj5aZIKIoZyYrdRJIY4SHqk47GEHEi3XR8embta6dnBZHQL1TW2P09 kSIu5Yj7upMjNZCztdz8r9ZJVHDspjSME0VCPFkUJMxSkZXnYPWoIFixkQaEBdW3Wni ABMJKp1XUITizX56H5mHVsavOlVOpncBEBdiFPTgAB46gBhdQhwZguIVneIU34954Md 6Nj0nrgjGd2YE/Mj5/AH81llA=</latexit><latexit sha1_base64="7RaaW6EB6Utk SpS+JZ/vl2ytecM=">AAAB+nicbZDLSsNAFIYn9VZbL2lduhmsQlclcaMrqQjiRqhgL 9CGMJlO2qGTSZiZKDXGJ/AFXLhxoYhbn8Sdb+Ok7UJbfxj4+M85nDO/FzEqlWV9G7ml 5ZXVtfx6obixubVtlsotGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXujs6zeviFC0p Bfq3FEnAANOPUpRkpbrlnqiSA5Pb9M3SSjuzR1zYpVsyaCi2DPoFIvPz0+VPeLDdf86 vVDHAeEK8yQlF3bipSTIKEoZiQt9GJJIoRHaEC6GjkKiHSSyekpPNBOH/qh0I8rOHF/ TyQokHIceLozQGoo52uZ+V+tGyv/2Ekoj2JFOJ4u8mMGVQizHGCfCoIVG2tAWFB9K8R DJBBWOq2CDsGe//IitA5rtlWzr+xK/QRMlQe7YA9UgQ2OQB1cgAZoAgxuwTN4BW/Gvf FivBsf09acMZvZAX9kfP4A8NyWpQ==</latexit><latexit sha1_base64="7RaaW6EB6Utk SpS+JZ/vl2ytecM=">AAAB+nicbZDLSsNAFIYn9VZbL2lduhmsQlclcaMrqQjiRqhgL 9CGMJlO2qGTSZiZKDXGJ/AFXLhxoYhbn8Sdb+Ok7UJbfxj4+M85nDO/FzEqlWV9G7ml 5ZXVtfx6obixubVtlsotGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXujs6zeviFC0p Bfq3FEnAANOPUpRkpbrlnqiSA5Pb9M3SSjuzR1zYpVsyaCi2DPoFIvPz0+VPeLDdf86 vVDHAeEK8yQlF3bipSTIKEoZiQt9GJJIoRHaEC6GjkKiHSSyekpPNBOH/qh0I8rOHF/ TyQokHIceLozQGoo52uZ+V+tGyv/2Ekoj2JFOJ4u8mMGVQizHGCfCoIVG2tAWFB9K8R DJBBWOq2CDsGe//IitA5rtlWzr+xK/QRMlQe7YA9UgQ2OQB1cgAZoAgxuwTN4BW/Gvf FivBsf09acMZvZAX9kfP4A8NyWpQ==</latexit><latexit sha1_base64="l7uVPQMcZzqW cMh0+vm7m10WWRY=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpJlgEVyVxoyupCOJGqGAv0 IYwmU7boTOTMDNRasyjuHGhiFufxJ1v46TNQlt/GPj4zzmcM38YM6q0635bS8srq2vr pY3y5tb2zq5d2WupKJGYNHHEItkJkSKMCtLUVDPSiSVBPGSkHY4v83r7nkhFI3GnJz HxORoKOqAYaWMFdqUneXpxdZMFaU6PWRbYVbfmTuUsgldAFQo1Avur149wwonQmCGlu p4baz9FUlPMSFbuJYrECI/RkHQNCsSJ8tPp6ZlzZJy+M4ikeUI7U/f3RIq4UhMemk6O 9EjN13Lzv1o30YMzP6UiTjQReLZokDBHR06eg9OnkmDNJgYQltTc6uARkghrk1bZhOD Nf3kRWic1z615t161fl7EUYIDOIRj8OAU6nANDWgChgd4hld4s56sF+vd+pi1LlnFzD 78kfX5A9gslFk=</latexit>
FMxy
<latexit sha1_base64="JLHH0iz1nsDA Al7MIbPrvEqjP5Y=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpJloEVyVxoyspCOJGqGAv0 IYwmU7aoTNJmJlYQwz4Im5cKOLWJ3Hn2zhpu9DWHwY+/nMO58zvx4xKZdvfxtLyyura emmjvLm1vbNrVvZaMkoEJk0csUh0fCQJoyFpKqoY6cSCIO4z0vZHl0W9fU+EpFF4p9 KYuBwNQhpQjJS2PLPSEzy7usm9rICHNM89s2rX7ImsRXBmUK0fjtkTADQ886vXj3DCS agwQ1J2HTtWboaEopiRvNxLJIkRHqEB6WoMESfSzSan59axdvpWEAn9QmVN3N8TGeJS ptzXnRypoZyvFeZ/tW6ignM3o2GcKBLi6aIgYZaKrCIHq08FwYqlGhAWVN9q4SESCCu dVlmH4Mx/eRFapzXHrjm3TrV+AVOV4ACO4AQcOIM6XEMDmoBhDM/wCm/Go/FivBsf09 YlYzazD39kfP4AjkiWUw==</latexit><latexit sha1_base64="fplRgqZGRVTI seHAlKcfY1cLKJA=">AAAB+nicbZC9S8NAGMYv9avWr1RHl9MiOJXERScpFMRFqGA/o A3hcr20R++ScHexhpjB2dnRxUERV/8SN/8bL20HbX3g4Mfzvi/ve48XMSqVZX0bhaXl ldW14nppY3Nre8cs77ZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y3qeb19S4SkYX Cjkog4HA0C6lOMlLZcs9wTPL24ytw0h7sky1yzYlWtieAi2DOo1A7G7LH+9NBwza9eP 8QxJ4HCDEnZta1IOSkSimJGslIvliRCeIQGpKsxQJxIJ52cnsEj7fShHwr9AgUn7u+J FHEpE+7pTo7UUM7XcvO/WjdW/pmT0iCKFQnwdJEfM6hCmOcA+1QQrFiiAWFB9a0QD5F AWOm0SjoEe/7Li9A6qdpW1b62K7VzMFUR7INDcAxscApq4BI0QBNgMAbP4BW8GffGi/ FufExbC8ZsZg/8kfH5A2nWl7c=</latexit><latexit sha1_base64="fplRgqZGRVTI seHAlKcfY1cLKJA=">AAAB+nicbZC9S8NAGMYv9avWr1RHl9MiOJXERScpFMRFqGA/o A3hcr20R++ScHexhpjB2dnRxUERV/8SN/8bL20HbX3g4Mfzvi/ve48XMSqVZX0bhaXl ldW14nppY3Nre8cs77ZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y3qeb19S4SkYX Cjkog4HA0C6lOMlLZcs9wTPL24ytw0h7sky1yzYlWtieAi2DOo1A7G7LH+9NBwza9eP 8QxJ4HCDEnZta1IOSkSimJGslIvliRCeIQGpKsxQJxIJ52cnsEj7fShHwr9AgUn7u+J FHEpE+7pTo7UUM7XcvO/WjdW/pmT0iCKFQnwdJEfM6hCmOcA+1QQrFiiAWFB9a0QD5F AWOm0SjoEe/7Li9A6qdpW1b62K7VzMFUR7INDcAxscApq4BI0QBNgMAbP4BW8GffGi/ FufExbC8ZsZg/8kfH5A2nWl7c=</latexit><latexit sha1_base64="iW1Smj3BFDwF eoQzY7vnrn4vixg=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJG11JQRA3QgV7g TaEyXTSDp2ZhJmJGmIexY0LRdz6JO58GydtFtr6w8DHf87hnPmDmFGlHefbqqysrq1v VDdrW9s7u3t2fb+rokRi0sERi2Q/QIowKkhHU81IP5YE8YCRXjC9LOq9eyIVjcSdTm PicTQWNKQYaWP5dn0oeXZ1k/tZAY9pnvt2w2k6M8FlcEtogFJt3/4ajiKccCI0Zkipg evE2suQ1BQzkteGiSIxwlM0JgODAnGivGx2eg6PjTOCYSTNExrO3N8TGeJKpTwwnRzp iVqsFeZ/tUGiw3MvoyJONBF4vihMGNQRLHKAIyoJ1iw1gLCk5laIJ0girE1aNROCu/j lZeieNl2n6d66jdZFGUcVHIIjcAJccAZa4Bq0QQdg8ACewSt4s56sF+vd+pi3Vqxy5g D8kfX5AywNlI8=</latexit>
(a)
<latexit sha1_base64= "llaL33ml74EH4Wgc7HJnYHIqRsY=">AAAB73icb ZDLSgMxFIbPeK31VnUpSLAIdVNm3OhKCm5cVrAXa IeSSTNtaC5jkhHK0JdwI0WRbn0dd76N6WWhrT8EP v7/HHLOiRLOjPX9b29tfWNzazu3k9/d2z84LBwd1 41KNaE1orjSzQgbypmkNcssp81EUywiThvR4G6aN5 6pNkzJRztMaChwT7KYEWyd1WxrkZXw5ahTKPplfy a0CsECipWz8XgCANVO4avdVSQVVFrCsTGtwE9smG FtGeF0lG+nhiaYDHCPthxKLKgJs9m8I3ThnC6KlX ZPWjRzf3dkWBgzFJGrFNj2zXI2Nf/LWqmNb8KMySS 1VJL5R3HKkVVoujzqMk2J5UMHmGjmZkWkjzUm1p0 o744QLK+8CvWrcuCXg4egWLmFuXJwCudQggCuoQL 3UIUaEODwAm/w7j15r96HN5mXrnmLnhP4I+/zB5J skdg=</latexit><latexit sha1_base64= "EFWHLI9eKTy1eTlT98pTgH9FI0M=">AAAB73icb ZDLSgMxFIbP1Futt6pLQYJFqJsy40ZXUnDjsoK9Q DuUTJppQ5PMmGSEMvQl3IgXxK2v4863MTPtQlt/C Hz8/znknBPEnGnjut9OYWV1bX2juFna2t7Z3SvvH 7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsbXWd 5+oEqzSN6ZSUx9gYeShYxgY61OT4m0is+m/XLFrb m50DJ4c6jUj58zvTT65a/eICKJoNIQjrXuem5s/B Qrwwin01Iv0TTGZIyHtGtRYkG1n+bzTtGpdQYojJ R90qDc/d2RYqH1RAS2UmAz0otZZv6XdRMTXvopk3F iqCSzj8KEIxOhbHk0YIoSwycWMFHMzorICCtMjD1 RyR7BW1x5GVrnNc+tebdepX4FMxXhCE6gCh5cQB1 uoAFNIMDhEV7hzbl3npx352NWWnDmPYfwR87nD++ pk50=</latexit><latexit sha1_base64= "EFWHLI9eKTy1eTlT98pTgH9FI0M=">AAAB73icb ZDLSgMxFIbP1Futt6pLQYJFqJsy40ZXUnDjsoK9Q DuUTJppQ5PMmGSEMvQl3IgXxK2v4863MTPtQlt/C Hz8/znknBPEnGnjut9OYWV1bX2juFna2t7Z3SvvH 7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsbXWd 5+oEqzSN6ZSUx9gYeShYxgY61OT4m0is+m/XLFrb m50DJ4c6jUj58zvTT65a/eICKJoNIQjrXuem5s/B Qrwwin01Iv0TTGZIyHtGtRYkG1n+bzTtGpdQYojJ R90qDc/d2RYqH1RAS2UmAz0otZZv6XdRMTXvopk3F iqCSzj8KEIxOhbHk0YIoSwycWMFHMzorICCtMjD1 RyR7BW1x5GVrnNc+tebdepX4FMxXhCE6gCh5cQB1 uoAFNIMDhEV7hzbl3npx352NWWnDmPYfwR87nD++ pk50=</latexit><latexit sha1_base64= "yv+qsuzaqy6PXAQYMtlLx2b2f/4=">AAAB73icb VA9SwNBEJ3zM8avqKXNYhBiE+5stJKAjWUE8wHJE fY2m2TJ7t65OyeEI3/CxkIRW/+Onf/GTXKFJj4Ye Lw3w8y8KJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4a ePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWNb2d+64 kbK2L9gJOEh4oOtRgIRtFJ7a5RWYVeTHulsl/15y CrJMhJGXLUe6Wvbj9mqeIamaTWdgI/wTCjBgWTfF rsppYnlI3pkHcc1VRxG2bze6fk3Cl9MoiNK41krv 6eyKiydqIi16kojuyyNxP/8zopDq7DTOgkRa7ZYtE glQRjMnue9IXhDOXEEcqMcLcSNqKGMnQRFV0IwfL Lq6R5WQ38anAflGs3eRwFOIUzqEAAV1CDO6hDAxh IeIZXePMevRfv3ftYtK55+cwJ/IH3+QOemo+o</l atexit>
J
h
/
 
<latexit sha1_base64="r7xDv2XOWZZh5UOcMXrB64cNtZU=">AAAB+nicbVDLSsNAFL2pr1pfqS4FGSyCq5q40ZUUdCGuKtgHNCFMppN26OTBzEQpMR/ShSAuFHHrl7jzb5w+Ftp64MLhnHu59x4/4Uwqy/o2CkvLK6trxfXSxubW9o5Z3m3KOBWENkjMY9H2saScRbShmOK0nQiKQ5/Tlj+4HPuteyoki6M7NUyoG+JexAJGsNKSZ5YdEWY3XtbPT5wryhXOPbNiVa0J0CKxZ6RSOxiNngGg7plfTjcmaUgjRTiWsmNbiXIzLBQjnOYlJ5U0wWSAe7SjaYRDKt1scnqOjrTSRUEsdEUKTdTfExkOpRyGvu4MserLeW8s/ud1UhWcuxmLklTRiEwXBSlHKkbjHFCXCUoUH2qCiWD6VkT6WGCidFolHYI9//IiaZ5Wbatq39qV2gVMUYR9OIRjsOEManANdWgAgQd4gld4Mx6NF+Pd+Ji2FozZzB78gfH5A0Olli8=</latexit><latexit sha1_base64="kFjh3X7H/X3AASnALIEBc2UgsXA=">AAAB+nicbVDLSsNAFJ34rPWV6lKQwSK4qokbXUlBF+Kqgn1AE8JkOmmHzkzCzEQpMR+i4MaFIm79Enf+jZO2C209cOFwzr3ce0+YMKq043xbC4tLyyurpbXy+sbm1rZd2WmpOJWYNHHMYtkJkSKMCtLUVDPSSSRBPGSkHQ4vCr99R6SisbjVo4T4HPUFjShG2kiBXfEkz66DbJAfe5eEaZQHdtWpOWPAeeJOSbW+/1jgqRHYX14vxiknQmOGlOq6TqL9DElNMSN52UsVSRAeoj7pGioQJ8rPxqfn8NAoPRjF0pTQcKz+nsgQV2rEQ9PJkR6oWa8Q//O6qY7O/IyKJNVE4MmiKGVQx7DIAfaoJFizkSEIS2puhXiAJMLapFU2IbizL8+T1knNdWrujVutn4MJSmAPHIAj4IJTUAdXoAGaAIN78AxewZv1YL1Y79bHpHXBms7sgj+wPn8AoOKX9A==</latexit><latexit sha1_base64="kFjh3X7H/X3AASnALIEBc2UgsXA=">AAAB+nicbVDLSsNAFJ34rPWV6lKQwSK4qokbXUlBF+Kqgn1AE8JkOmmHzkzCzEQpMR+i4MaFIm79Enf+jZO2C209cOFwzr3ce0+YMKq043xbC4tLyyurpbXy+sbm1rZd2WmpOJWYNHHMYtkJkSKMCtLUVDPSSSRBPGSkHQ4vCr99R6SisbjVo4T4HPUFjShG2kiBXfEkz66DbJAfe5eEaZQHdtWpOWPAeeJOSbW+/1jgqRHYX14vxiknQmOGlOq6TqL9DElNMSN52UsVSRAeoj7pGioQJ8rPxqfn8NAoPRjF0pTQcKz+nsgQV2rEQ9PJkR6oWa8Q//O6qY7O/IyKJNVE4MmiKGVQx7DIAfaoJFizkSEIS2puhXiAJMLapFU2IbizL8+T1knNdWrujVutn4MJSmAPHIAj4IJTUAdXoAGaAIN78AxewZv1YL1Y79bHpHXBms7sgj+wPn8AoOKX9A==</latexit><latexit sha1_base64="34FLBWUmTPDPpGCEUufVee0AqhA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5p40ZMU9CCeKtgPaELYbLft0t0k7G6UEvNTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTGnH+bZKK6tr6xvlzcrW9s7unl3db6s4lYS2SMxj2Q2xopxFtKWZ5rSbSIpFyGknHF9N/c4DlYrF0b2eJNQXeBixASNYGymwq54U2W2QjfJT75pyjfPArjl1Zwa0TNyC1KBAM7C/vH5MUkEjTThWquc6ifYzLDUjnOYVL1U0wWSMh7RnaIQFVX42Oz1Hx0bpo0EsTUUazdTfExkWSk1EaDoF1iO16E3F/7xeqgcXfsaiJNU0IvNFg5QjHaNpDqjPJCWaTwzBRDJzKyIjLDHRJq2KCcFdfHmZtM/qrlN379xa47KIowyHcAQn4MI5NOAGmtACAo/wDK/wZj1ZL9a79TFvLVnFzAH8gfX5A0/Tk/8=</latexit>
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FIG. 2. (Color online.) Phase diagram for (a) J⊥ = 0 and
(b) Jh = 0. The details of the ordered phases are explained
in the main text. The dashed line in (a) refers to a continuous
phase transition and the remaining transitions are first order.
a common order pattern on an antiferromagnetically in-
teracting FCC magnet. The Weiss mean-field approach
is essentially a variational approach with simple product
states as the variational wavefunction. We here express
the trial ground state wavefunction as a product state
|ΨGS〉 =
∏
i
|Ψ〉i. (6)
The single-site state |Ψ〉i is then determined by mini-
mizing the energy per site E = 〈ΨGS|H|ΨGS〉/N . The
results are listed in Table I using the Sz diagonal basis
|Sz = 1, 0, 1¯〉. Our mean-field phase diagram is shown in
Fig. 2. We can understand the magnetic phases with in-
teractions involving upper branch (excited) states. The
corresponding order parameters for different phases are
listed in Table I.
In the large ∆ limit where the crystal field gap is dom-
inant, the ground state is a trivial product state of non-
magnetic singlet on each lattice site, which we dub as
the quantum paramagnetic state. Such a state is pro-
tected by the energy gap ∆ and hence is stable against
small perturbations. When the interactions in Hex and
Hhybrid become large enough such that the energy gain
from the exchange or hybridization overcomes the crystal
field gap, various magnetic orders can be realized. The
Jz term favors spins to form a dipolar order along the z
axis, leading to the FMz (AFMz) state in the left (right)
side of the quantum paramagnetic state (see Fig. 2(a) and
(b)). Similarly, the J⊥ term favors the dipolar order with
spins on the xy plane. This gives the FMxy state in the
upper side of Fig. 2(a). Finally, the hybridization term
Jh term favors spins to form quadrupolar order with the
director of the quadrupolar order on the xy plane, giv-
ing the FQxy state in the upper side of Fig. 2(b). Both
the FMxy and FQxy state spontaneously break the global
U(1) symmetry. The details of these states can be found
in Table. I.
Although both Hex and Hhybrid could drive the sys-
tem out of the quantum paramagnetic state, the mecha-
nisms in which the excited levels are involved are quite
different. For the former case, the neighboring magnetic
states are driven by exchange terms through first-order
transitions, reflecting the competition between the crys-
tal field splitting and the exchange energy gain purely
within the excited levels through, for example, the τ+i τ
−
j
process shown in Fig. 1(b). For the latter case, however,
the hybridization term drives the system into the FQxy
state through a continuous transition. The excited states
can hop between different sites via the hybridization pro-
cesses and one of such processes is shown in Fig. 1(c).
Hhybrid hence introduce bandwidth to the excited states
and the criticality is obtained when the bandwidth is
comparable with the crystal field gap. To further clar-
ify this point, we study the instability of the quantum
paramagnetic state from the flavor wave theory below.
4B. Flavor wave theory and magnetic excitations
We adopt the flavor wave theory to investigate the
spin excitations and reveal the magnetic instability of
the quantum paramagnetic state64. Within this frame-
work, different roles that are played by Hex and Hhybrid
will be clear.
Under the flavor wave representation, the internal
states of a spin at site i are represented by three flavors
of bosons,
b†im|Ω〉 ≡ |Szi = m〉, (7)
and arbitrary onsite spin operator Oi can be written
as
∑
m,n〈m|O|n〉b†imbin with m,n = 1, 0, 1¯. The physical
Hilbert space is recovered under the local Hilbert space
constraint
∑
m b
†
imbim = 1.
In the following we will omit the site index i for sim-
plicity. The relevant onsite spin operators can be written
as
τz =
1
2
(
b†1b1 − b†1¯b1¯
)
, (8)
τ+ = b†1b1¯, τ
− = b†
1¯
b1, (9)
(Sz)2 = b†1b1 + b
†
1¯
b
1¯
, (10)
S+ =
√
2
(
b†1b0 + b
†
0b1¯
)
, (11)
S− =
√
2
(
b†
1¯
b0 + b
†
0b1
)
. (12)
In the language of the flavor wave theory, different
magnetic phases can be obtained by condensing corre-
sponding flavors of the bosons. For the quantum param-
agnet of this subsection, the b0 flavor is condensed and
b†i0 = bi0 ' [1− b†i1bi1 − b†i1¯bi1¯]1/2, (13)
while the other two flavors of bosons represent the exci-
tated states above the quantum paramagnetic state. The
(quadratic) flavor wave Hamiltonian is then obtained as
H =
∑
k
Ψ†k
Bk + ∆ Bk
Bk Bk + ∆
Ψk, (14)
where Ψk = (bk1, b
†
−k1¯)
T and Bk = −2Jhγk, with γk =∑
δ cos(k · δ) and δ is summed over the twelve nearest
neighbor vectors of the FCC lattice. The magnetic exci-
tation with respect of the quantum paramagnetic state
has a two-fold degeneracy that is protected by the time-
reversal symmetry of the quantum paramagnet. The dis-
persion of the magnetic excitations is
ωk = [∆(2Bk + ∆)]
1/2. (15)
The magnetic excitations are fully gapped inside the
quantum paramagnetic state. As the system approaches
the transition to a proximate ordered phase, the gap of
the excitation is closed. The closing point is at the Γ
point and Jh = ∆/48. At this critical point, the excita-
tion spectrum disperses linearly near the Γ point, con-
tributing to a Cv ∼ T 3 heat capacity behavior at low
temperatures.
It is apparent that the (quadratic) flavor wave Hamil-
tonian depends on Jh while it does not depend on Jz or
J⊥. As we have previously discussed, the hybridization
term Jh would create quantum fluctuations above the
quantum paramagnetic state and bring the dispersion to
the excitation crystal field state. However, the exchange
part Hex only acts within the upper branch excited states
and does not mix the upper branches with the local crys-
tal field ground state. Therefore, the induced transitions
from the quantum paramagnet to ordered states through
Hex must be strongly first order.
C. Flavor wave theory for FMxy state
For the FMxy state, we choose the magnetization along
the xˆ direction to break the continuous U(1) symmetry
such that the variational wavefunction has the form as
|Ψ〉i = c |1〉+
√
1− 2c2 |0〉+ c |1¯〉. (16)
We introduce a new basis for the three favors of bosons
via an unitary transformation,
a0
a1
a2
 =

c
√
1− 2c2 c
1√
2
0 − 1√
2√
1−2c2
2 −
√
2c
√
1−2c2
2


b1
b0
b1¯
 , (17)
and condense the a0 flavor. The quadratic flavor wave
Hamiltonian reads
H =
1
2
∑
k
Φ†k

m11 0 m13 0
0 m22 0 m24
m13 0 m11 0
0 m24 0 m22
Φk, (18)
where the entries in the matrix are given by
m11 =(1− 2c2)(192c2Jh + ∆)
− [4(1− 2c2)Jh − c2Jz]γk/2, (19)
m13 =−
[
4(1− 2c2)Jh + c2Jz
]
γk/2, (20)
m22 =(1− 2c2)(192c2Jh + ∆)−∆
− 2(1− 4c2)2Jhγk, (21)
m24 =2(1− 4c2)2Jhγk, (22)
and Φk ≡
(
ak1, ak2, a
†
−k1¯, a
†
−k2¯
)
.
D. Flavor wave theory for FQxy state
For the FQxy state, we choose the director of this
quadrupolar state along the x axis to break the U(1) ro-
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FIG. 3. (Color online.) Dynamic spin structure factors of (a) the quantum paramagnet, (b) the FMxy state, and (c) the FQxy
state. All the three states have non-vanishing quadrupole components that can be detected via inelastic neutron scattering
measurements with corresponding polarization channels. The high symmetry points in the Brillouin zone are defined as
Γ = (0, 0, 0), X = (0, 2pi, 0), W = (pi, 2pi, 0), L = (pi, pi, pi). We set the magnetization of the FMxy state along the xˆ direction,
and the director of the quadrupolar order in the FQxy state parallel to the x axis. Only coherent excitations are considered
here. The full spectra of the flavor wave excitations are shown in Fig. 4 as a comparison.
tational symmetry. The single-site variational wave func-
tion is given as
|Ψ〉i = i√
2
(|1〉 − |1¯〉). (23)
To describe the elementary excitations with respect to
this ground state, we introduce a new basis for the flavors
of bosons by the following transformation
a0
a1
a2
 =

−i√
2
0 i√
2
1√
2
0 1√
2
0 i 0


b1
b0
b1¯
 , (24)
and condense the a0 flavor. The quadratic flavor wave
Hamiltonian reads
H =
1
2
∑
k
Φ†k

m11 0 m13 0
0 m22 0 m24
m13 0 m11 0
0 m24 0 m22
Φk, (25)
where the matrix entries are given as
m11 = 12J⊥ − γk(2J⊥ − Jz)/4, (26)
m13 = −γk(2J⊥ + Jz)/4, (27)
m22 = 6J⊥ −∆, (28)
m24 = 0, (29)
and Φk ≡
(
ak1, ak2, a
†
−k1¯, a
†
−k2¯
)
.
IV. EMERGENT SELECTION RULES
A. Selective measurements of dipole and
quadrupole moments
In conventional experimental measurements such as
neutron and µSR, one can only probe the dipolar or-
ders while the quadrupolar orders are not directly visible
in conventional magnetic measurements. The question
thus arises that how to experimentally detect the phases
accompanied by quadrupole components in our phase
diagram. In previous works some of the authors have
proposed the scheme of selective measurements of dipole
and quadrupole components using elastic and inelastic
probes21,33,65, and similar approach can be used here.
The dipole moment, S, is directly visible through conven-
tional magnetic measurements such as NMR and elastic
neutron experiment. Since the quadrupole moments do
not commute with dipolar ones along orthogonal direc-
tions, when the neutron scattering measures the dipole
components, it creates quantum fluctuations to the or-
thogonal quadrupoles, leading to coherent spin-wave-like
excitations. This means that although the quadrupole
itself is invisible in an usual neutron scatterng measure-
ment, the dynamic excitations of quadrupolar orders can
be visible in experiments and these excitations carry in-
formation of the underlying quadrupole structure.
To demonstrate the above discussion, here we calculate
the dynamic spin structure factors for three representa-
tive states in Fig. 2 using the flavor wave theory. The
results are shown in Fig. 3. In the polarized inelastic
neutron scattering experiment one measures the dynamic
spin structure factors
Sµν(k, ω)
=
1
2piN
∑
ij
∫ +∞
−∞
dt eik·(ri−rj)−iωt〈Sµi (0)Sνj (t)〉, (30)
where µ, ν = x, y, z represent the polarizations of incom-
ing and scattered neutrons. Thus one can read off sig-
natures of the dipole and quadrupole components sepa-
rately from the elastic and inelastic probes.
B. Emergent selection rules
In the plot of relevant dynamic spin structure factors
in Fig. 3, the two branches of magnetic excitations in
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FIG. 4. Full flavor wave excitations for (a) the quantum paramagnet, (b) the FMxy state, and (c) the FQxy state, with the
same parameters as chosen in Fig. 3 in the main text. The inset in (a) indicates the high symmetry points in the Brillouin
zone of the FCC lattice.
the quantum paramagnet are degenerate due to the time
reversal symmetry, while only one branch of magnetic
excitations in the FMxy and FQxy states is visible. As we
show below, the latter arises from the emergent selection
rules.
We start with the FMxy state. For this state, the elas-
tic neutron scattering is able to reveal an in-plane ferro-
magnetic dipolar order (e.g., along the x direction for the
choice in the previous section). For the usual ferromagnet
for spin-1/2 degrees of freedom, the dynamic spin struc-
ture factor for spin components along the ferromagnetic
ordering direction measures the two magnon continuum.
For our effective spin-1 local moments that have a larger
physical Hilbert space, the microscopic interaction in the
Hamiltonian could access the large Hilbert space at the
linear order. This qualitatively explains the presence of
coherent magnetic excitation in Fig. 3(b). More specif-
ically, within the flavor wave theory, the Sx operator in
the reciprocal space is written as
Sxk = i(1− 4c2)
(
ak2 − a†−k2
)
(31)
where the static piece for the ferromagnetic order has
been ingored.
The absence of one branch of magnetic excitation in
Fig. 3(b) is a consequence of the emergent selection rule.
Our Hamiltonian is invariant under the following Z2 sym-
metry operations generated by
Gˆx = e
−ipi∑j(Sxj +1), (32)
Gˆy = e
−ipi∑j(Syj +1). (33)
For the FMxy state, we have chosen the dipolar mag-
netization along xˆ direction such that the Gˆx symme-
try is preserved. The flavor wave operators a1 and a2
(in Sec. III C) are odd and even under Gˆx, respectively.
Therefore, the Sx operation only excites the a2 flavor
with even parity while the a1 band that has odd parity
is hidden in this measurement.
The same strategy can be applied to the FQxy state (we
have chosen the quadrupolar director along x axis) but we
need to consider the Gˆy symmetry. Following the same
argument, one can see that in the Szz channel only odd-
parity a1 excitation can be measured in the spectrum.
More explicitly, the Sz operator is written as
Szk = −i
(
ak1 − a†−k1
)
(34)
in the flavor wave formulation of Sec. III D.
V. DISCUSSION
In summary, we have explored the physical conse-
quences of the weak crystal field splitting for which the
standard approach is insufficient to capture the low-enegy
magnetic physics. For concreteness, we study a model
system with the weak crystal field level scheme on the
FCC lattice. Using both the Weiss mean-field method
and the flavor wave theory, we obtain the phase diagram
of the model and reveal the effects of the excited crys-
tal field states. There are two different mechanisms from
which various magnetic ordering happens, one is related
to the exchange within the excited levels and the other
is related to the hybridization between the ground state
level and the excited levels. The FCC lattice may not be
highly frustrated, and the states are mostly ordered in
our study. On more frustrated lattices, the collapses of
the excited crystal field states may lead to more possibil-
ities such as quantum spin liquid.
As for the physical relevance, we are currently not
aware of many relevant physical systems that explicitly
show the upper branch magnetism. The pyrochlore ma-
terial Tb2Ti2O7 (and maybe other Tb-based pyrochlore
magnets, e.g. Tb2Sn2O7)
63,74–80 can be thought as a po-
tential relevance. The crystal field gap is not as large as
other well-known pyrochlore magnets such as Yb2Ti2O7
or Er2Ti2O7. For example, Ref. 79 actually measured
a crystal field gap of 1.5meV between the ground state
doublet and the excited state doublet. Thus, the us-
age of the effective spin-1/2 local moment for the ground
state doublet of the Tb3+ ion may not apply very well in
certain cases. The magnetic entropy of Tb2Sn2O7 does
increase beyond Rln 2 as the temperature is increased
beyond 4K80. The inelastic neutron scattering measure-
ment in Tb2Ti2O7 shows a clear dispersion for the excited
doublets with a renormalized gap81. All these phenom-
ena suggest the importance of the upper branch physics.
It would be interesting in the future to actually suppress
7Systems and materials Local low-lying states Relevant condensation Refs
Dimerized magnets Singlet of two neighboring spins Triplon from the triplets Ref. 66
A-site spinel FeSc2S4 Spin-orbital singlet with eg orbitals Spin-orbital excited states Refs. 67 and 68
4d4/5d4 Mott insulators (Ca2RuO4) Spin-orbital singlet with t2g orbitals Spin-orbital excitons Refs. 69–72
3d8/4d8 Mott insulators Spin-orbital singlet with t2g orbitals Spin-orbital excitons Ref. 73
Magnets with weak crystal field gaps Local low-lying crystal field state Excited crystal field states This work
TABLE II. List of physical contexts that support similar upper branch physics. “Relevant condensation” in the table refers to
either field driven or exchange interaction driven transition.
the crystal field gap and drive the system to magnetic or-
ders by collapsing the excited levels. In fact, Tb2Sn2O7
experiences a magnetic ordering transition around 1K80.
The actual modeling of the magnetic physics should be
in terms of an effective J = 3/2 local moment that takes
care of both the ground state doublet and the first ex-
cited state doublet, and the interaction would naturally
be a Γ-matrix model.
For the 4d/5d magnets such as iridates and others,
the often used description is in terms of the spin-orbit-
entangled local moment J82. It should certainly be the
case if the local ground state J state is well separated
from the excited J states. The 4d/5d orbitals, how-
ever, are very extended. Very often, the hybridization of
the superexchange involving the upper excited J states
may be not that small compared to the local energy gap
due to the spin-orbit coupling. This piece of physics has
been nicely invoked by G. Khaliullin in Ref. 69 for the
4d4/5d4 magnets, where he described the physics as the
singlet-triplet condensation to make the analogy with the
triplon condensation in the dimerized magnets. Here we
think this physics is not restricted to the 4d4/5d4 mag-
nets whose local ground state would be a trivial spin-
orbit singlet with J = 0, but extends broadly to many
other non-singlet spin-orbit-coupled magnets (as long as
the spin-orbit-coupling induced local gap is not large).
In Table. II, we list the relevant systems/materials that
could share a similar physics as the upper branch physics
in this work. Our result simply provides a new member to
this list of “triplon”-like physics. We expect the universal
physics like the Higgs mode (or amplitude mode) could
also emerge in the relevant materials of our work where
the conendensation or criticality is from the collapse of
the excited crystal field states.
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